Introduction
Free-space optical (FSO) systems have been developed as alternative promising technology for fiber optic systems due to their advantageous characteristics, such as high transmission security, wireless connectivity, cost-effective and quick installation, and license-free operation. [1] [2] [3] [4] The FSO link has to be designed to achieve high quality transmission under the condition that atmospheric turbulence leads to intensity fluctuations of received optical signal, referred as optical scintillation.
In designing a terrestrial FSO system, the frequency characteristic of optical scintillation is one of the most important factors. For example, in a terrestrial FSO link with highspeed digital data transmission up to several gigabites per second, a deep and long-term fading in optical intensity results in considerable burst errors in the data. In compensating the intensity fluctuations by using the automatic gain control (AGC) function of an optical amplifier at an optical receiver side, slower response speed of the AGC causes degradation in the link performance. Many previous works on such terrestrial FSO systems have focused on its design or performance evaluation. [5] [6] [7] [8] Reference 5 analyzes the FSO link availability considering the atmospheric effects, Ref. 6 examines the FSO link performance related parameters through a field experiment, Ref. 7 developes an optical propagation loss model for radio on a free space optical (RoFSO) link and applies it to design the link, and Ref. 8 describes an experimental evaluation on simultaneous transmission of multiple RF signals over their developed RoFSO link. For the system evaluation or design in these researches, however, the intensity fluctuation strength such as the scintillation index or the refractive index structure constant C 2 n has been considered, but any consideration on the 0091-3286/2011/$25.00 C 2011 SPIE frequency characteristic of optical scintillation has not been found.
Recent terrestrial FSO links, such as the RoFSO link, employ direct focus on a received optical beam into a core of single-mode fiber (SMF) [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] that is much smaller than the detected area of a photodetector. Therefore, the beam tracking system needs higher ability to track the beam's angleof-arrival (AOA) in the FSO link. References 14 and 15 present an example of the power spectra of the arrival-ofangle fluctuation of a 1550 nm beam and the optical scintillation variations of an 800 nm beam, and describe the correlation between them above 100 Hz. They focus on the effective tracking and steering beam to the SMF for frequency above 100 Hz. Therefore, an estimation model of optical scintillation's spectrum, especially its cut-off frequency, is necessary to achieve an adequate capacity of AGC and beam tracking.
Many studies related on the power spectral density (PSD) of optical scintillation have been carried out. Reference 16 considers the temporal frequency spectrum of the amplitude of a plane wave propagating through atmosphere, and the asymptotic forms for the temporal frequency spectra for plane and spherical waves are developed in Refs. [17] [18] [19] . From the formulas, it is found that the spectra for both waves depend on the wind velocity. References 17 and 18 also characterize a spectrum of optical scintillation by cut-off frequency, and figure out the ratio of the cut-off frequency value to wind velocity component vertical to the directions of optical propagations length of 1000 and 2000 m. In Ref. 20 , the dependency of optical scintillation frequency characteristic on the wind velocity is also described. It quantifies the relationship between the cut-off frequency of optical scintillation and the wind velocity component vertical to the direction of an optical propagation in cases of some different path lengths and heights. References 21 and 22 derive general formulas for the temporal frequency spectra of amplitude fluctuations for plane and spherical waves, and extend them to the beam wave case. Reference 22 also presents a spectral model using the average and the fluctuation of wind velocity and obtains the frequency spectral slope proportional to f −8/3 for a plane wave. In Ref. 23 , the standard frequency spectral slope is compared to each PSD of beacon power at the quadrant photodiode and the signal power into the SMF. In this reference, it is observed that the beacon PSD follows the f −8/3 spectral slope, but it seems that signal PSD rather follows the f −4/3 spectral slope.
Optical scintillation spectrum will vary directly with wind velocity change. The wind velocity varies for a relatively shorter period than other parameters such as temperature and rainfall intensity. On the other hand, the design of the link budget or the employed modulation formats of a terrestrial FSO system requires the consideration of the scintillation spectrum averaged over a long time scale comparable to a weather condition such as temperature or rainfall intensity rather than rapid change in the wind velocity.
This paper proposes a Butterworth-type spectral model of optical scintillation for design of a terrestrial FSO link. The proposed PSD is determined by simple two parameters of the cut-off frequency and the spectral slope. The parameters of optical scintillation spectrum, cut-off frequency, and spectral slope are estimated from the data measured in the experiment, and then their dependencies on time zone, temperature, and rainfall intensity are examined. The goal of our analysis is to find the influences of temperature, rainfall intensity, and time zone on the scintillation spectrum. We note that the effect of wind velocity is eliminated by averaging over a long time scale.
This paper is organized as follows. In Sec. 2, we describe the FSO experimental configuration for the investigation. In Sec. 3, we propose a Butterworth-type PSD as optical scintillation's PSD. We show that the PSD can be approximated with a Butterworth-type PSD through analyzing the fluctuations in received optical intensity, and estimate the cut-off frequency and the spectral slope determining the PSD. In Sec. 4, first we investigate the characteristics of the estimated cut-off frequency and spectral slope for different values of weather parameters such as temperature and rainfall intensity. Differences of their characteristics between daytime and nighttime are disussed. In Sec. 5, estimating performance of the proposed PSD model is evaluated, and this paper is concluded in Sec. 6.
Experimental Setup for Measuring Optical
Intensity Fluctuation Caused by Scintillation Figure 1 shows a FSO experimental setup at the Waseda University in Tokyo. The distance between the optical antenna Tx and Rx with their apertures of 10 cm and the beam divergence angle of 5 mrad is 1 km. Both of Tx and Rx antennas are located on the rooftop of 10 floor buildings. An optical beam with its wavelength of 785 nm is radiated from the optical Tx antenna, and received at the photodiode (PD). The output current, i(t), is sampled with its sampling rate of 10 kHz over a period of 3 s and recorded in the PC after every 5 min intervals. A weather meter to measure temperature and rainfall intensity is also installed on the rooftop of one of the buildings.
We note that our experiment is included in the case described above since the aperture diameters are 10 cm, and √ λL = √ 785×10 −9 ×10 3 = 2.8 cm in the experimental setup. According to Refs. 17 and 18, if an aperture diameter exceeds √ λL, where λ is the optical wavelength and L is the propagation length, the spectral density of the intensity fluctuation at the higher frequencies are weakened significantly.
Approximated PSD of Optical Scintillation with
Butterworth-Type Transfer Function 3.1 Butterworth-Type PSD as a Spectral Model of Optical Scintillation As a spectral model of optical scintillation, we propose Butterworth-type PSD, which is characterized by two spectral parameters, cut-off frequency and spectral slope. We estimate cut-off frequencies and spectral slopes of optical scintillation for different weather conditions through fitting the autocorrelation of the impulse response of Butterworth filter to the measured autocorrelation
The power transfer function of Butterworth filter is given by
where f c is cut-off frequency, and N is the slope order. In Sec. 3.2, we will show the power transfer function of Butterworth filter is similar to the shape of optical scintillation's spectrum, and it becomes a good approximating method for optical scintillation PSD. The impulse response of the first, second, and third order Butterworth filter, b(t), is, respectively, given by where N is the slope order in higher frequency region. Furthermore, each normalized autocorrelation of b(t), φ bb (τ ), is obtained as
We define A i (τ ) and A b (τ ) as the area under the curve of φ ii (τ ) and φ bb (τ ), respectively,
We derive a pair of approximated N and f c satisfying the following equation,
in the sense of
, where τ 0 is the first zero-crossing time of φ ii (τ ). Equation (5) means that the areas of the two waveforms of φ ii (τ ) and φ bb (τ ) are identical. In general, φ ii (τ ) is small enough to disregard for a large τ . is obtained as follows. It is seen from these figures that the value of φ ii (τ ) in τ > τ 0 becomes negligibly small. Therefore, we focus on high frequency components at a small τ , and find φ bb (τ ) which fits to φ ii (τ ) by making their areas identical within the integral range of 0 ≤ τ < τ 0 . Each f c for N = 1, 2, and 3 is respectively derived. Then, we select one of the autocorrelations to minimize the time averaged squared error, , between the two waveforms of φ ii (τ ) and φ bb (τ ), where is calculated by:
Evaluation for the Approximating Performance
Figures 2(a), 2(c), and 2(e) depict some examples of measured φ ii (τ ) derived from experimental data and their approximations φ bb (τ ). In the fitting, first, we calculate autocorrelation of normalized i(t) by its mean value, φ ii (τ ), from obtained data in the experiment as shown in Fig. 1 . Then, we estimate cut-off frequency f c and spectral slope N in the PSD by fitting φ bb (τ ) to φ ii (τ ) through the process as described in Sec. 3.1. It is observed that φ bb (τ ) is well matched with φ ii (τ ). Therefore, the power density spectra of 
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March 2011/Vol. 50(3) 035005-4 Table 2 yielded by the approximating process by combined weather conditions of θ and R. Fig. 3 . In this manner, we have estimated spectral parameters of f c and N corresponding to each period of FSO experimental data. As will be described in Sec. 4, we then will classify the obtained parameters by time zone and weather parameters such as temperature and rainfall intensity in order to model the optical scintillation's spectral parameters of f c and N as their average value under given weather parameters. We summarized each number of periods under several combined weather conditions of θ and R used for our investigation in Table 1 . The total number of periods corresponds to about 100 days. Now, the performance of the approximating process is evaluated in terms of by the weather conditions. We summarized average value of , , by combined weather conditions of θ and R in all day, daytime, and night in Table 2 . The is defined by In this section, with obtained f c and N by using the approximating process described in Sec. 3, we quantify some values on the spectral shape of optical scintillation, f c and N , under weather conditions such as temperature θ (
• C) and rainfall intensity R (mm/h), where f c and N are averages of f c and N , respectively. Differences of their values between daytimes (9:00-16:00) and night (0:00-4:00, 19:00-24:00), and their stats also are presented. On the basis of the results, we model the spectrum of optical scintillation.
Since there are a number of data in each identical condition of θ and R as shown in Table 1 , the averaging period for measured data is enough long for the change of wind velocity. Therefore, it should be noted that the effect of wind is eliminated in the results presented in this paper. Figures 4(a), 4(b), 4(c), and 4(d) show cumulative distribution functions of f c and P( f c ), for temperature conditions of θ < 10, 10 θ < 20, 20 θ < 30, and 30 θ in cases of daytime, night, and all day, respectively. We summarized each value of X for those conditions in Fig. 5 , where P( f c < X ) = 0.8. While values of X for θ < 10 and 30 θ are relatively larger than those for the other range of θ at daytime, the value of X decreases as θ increases at night. The values of X at daytime are similar or more than those at night. Especially, the difference between the two cases is 29.5 Hz which is largest when 30 θ . If θ < 10 or 30 θ during the daytime, optical scintillation fluctuation is faster than in the other ranges of θ . However, optical scintillation has the slowest fluctuation when 30 θ at night.
Dependency of f c and N on Temperature
The tendency described above is also observed in Fig.  6(a) . For the case of daytime, the values of f c (θ ) for θ < 10 and 30 θ are about 33 Hz, which is the largest. At night, f c decreases as temperature increases, and eventually f c for 30 θ is 15 Hz, which is the smallest among all cases shown in the graph. As described in Ref. 24 , the spectrum of the refractive index fluctuations is proportional to the structure constant of the temperature fluctuations, C T , and C T is directly linked to the structure constant of the refractive index fluctuation, C between the total number of periods for 30 θ measured during the daytime and those at night, as the same reason mentioned above. For 30 θ , the tendency during the daytime dominates. 
Dependency of f c and N on Rainfall Intensity
Figures 7(a)-7(b) show P( f c ) for rainfall intensity conditions of R = 0, 0 < R 3, 3 < R 6, 6 < R 9, and 9 < R for the cases of daytime, night, and all day, respectively. We summarized each value of X for those conditions in Fig. 8 , where P( f c < X ) = 0.8. It is observed that X increases as R increases by a certain level of R for any time zone, and then X decreases as R increases when R exceeds that level. For the case of daytime, X increases up to 100.0 Hz as R increases by 3 < R 6, it then begins decreasing when R
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March 2011/Vol. 50(3) 035005-7 exceeds that range of R, and it reaches 65.0 Hz when 9 < R . For the case of night, X increases up to 76.0 Hz as R increases by 6 < R 9, and it seems that even though 9 < R, without anymore outstanding increase or decrease, it becomes saturated as its value of 72.5 Hz, which is similar value to that for 6 < R 9. Each value of X in the case of daytime is larger than that in the case of night by 3 < R 6, where the difference between them is 37.0 Hz, which is largest when 3 < R 6. For 6 < R, X at night becomes larger than that at daytime; there is difference of 5.0 to 7.5 Hz between them. X during a rainy period is larger than that during no rainy period for any time zone; the differences between them are 17.5 to 53.5 Hz at daytime, 12.5 to 68.0 Hz at night, and 16.0 to 64.5 Hz for the case of all day, respectively. In short, optical scintillation with no rainy period more slowly fluctuates than a rainy period.
For 0 < R 3, P( f c ) 's in all cases of the time zone almost conforms to each other and there is also little difference among the values of X in three cases. Therefore, when 0 < R 3, the value of X can be expected as that value in the case of all day regardless of time zone. For example, if the rainfall intensity condition of 0 < R 3 is given only, we can expect the X of 42.5 Hz regardless of current time. In contrast, it is necessary to consider the time zone for R = 0 and 3 < R.
The tendency described above is also observed in Fig. 9(a) . In the case of daytime, f c increases up to about 57.8 Hz as R increases by 3 < R 6, it then begins to decreases when R exceeds that level, and it becomes about 39.2 Hz when 9 < R. For the case of all day, f c increases up to about 49.8 Hz as R increases by 6 < R 9; it decreases up to 49.8 Hz when 9 < R. For the case of night, however, f c increases up to 57.8 Hz as R increases by 9 < R without decreasing, unlike the two cases of the time zone.
Figure 9(b) shows N for R for the cases of daytime, night, and all day. The value of N is almost constant as N ≈ 1 for all R of any time zone, as the result shown in Fig. 5(b) . It is found that our result approximates to the conventional spectral slope of f −8/3 also in the graph.
Estimated Values of f c and N Under Combined
Conditions of Temperature and Rainfall Intensity We summarized the estimated value of cut-off frequency in the PSD of optical scintillation,f c (θ, R), under given combined weather conditions of θ and R for the cases of daytime, night, and all day in Table 3 , wheref c (θ, R) is defined as the average value of f c under each combined condition, that is, f c (θ, R) = f c (θ, R) in this paper. It should be noted that several blanks in the table do not denote zero, but that there is no data under the corresponding condition. The tendency off c corresponding to θ under condition of R = 0 agrees with results shown in Figs. 4, 5, and 6(a). However, there are some cases that disagree with such tendency under condition of R = 0. For example, for 3 < R 6 in the case of all day, it is observed thatf c decreases as θ increases. When θ is only considered, the tendency off c corresponding to θ agrees with such tendency, because the number of data measured for each range of θ under condition of R = 0 is much With regard to spectral slope, the estimated value of N is 1 which is denoted asN = 1, regardless of θ and R, wherê N is defined asN = N (θ, R). In Secs. 4.1 and 4.2, we have observed that N is almost constant as N ≈1 in any ranges of θ and R of any time zone, and the result approximates to the conventional spectral slope of optical scintillation.
It should be noted that the proposed spectral model of optical scintillation is applicable in a FSO link with beam wavelength λ of 785 nm and beam propagation length L of 1 km. Since it is known that the cut-off frequency is in proportion to 1/ √ λL, we can estimate the cut-off frequency in a FSO link with arbitrary beam wavelength and propagation length if temperature and rainfall intensity are given only on the basis of Table 3 . For example, for a FSO link with λ of 785 nm and L of 2 km, where √ λL = √ 785×10 −9 ×2×10 3 , we may estimate the cut-off frequency under given conditions of temperature and rainfall intensity as 1/ √ 2 times the value off c corresponding to the condition in Table 3 .
Experimental confirmation with respect to the above will be further studied.
Estimating Performance of the Proposed Model
From our preceding discussion, we approximated PSD of optical scintillation by the proposed model of Butterworthtype PSD, and have collected the spectral parameters f c and N from experimental data. We then classified the obtained parameters by time zone and weather parameters such as temperature and rainfall intensity, and model the estimated values of f c and N as their average value under the given weather parameters and time zone. Therefore, if temperature and rainfall intensity are given, we are able to estimate PSD of optical scintillation in a current FSO link.
In this section, estimating the performance of the proposed model of optical scintillation's PSD is evaluated in terms of the mean square error (MSE) defined as following equation,
where φ ii (τ ; θ ; R) may change randomly due to variations of other weather parameters even in the same weather conditions of θ and R. Through calculating Eq. (6), we investigate the estimation error ofφ ii (τ ;f c ;N ), a representative autocorrelation in a given condition θ and R, for variation of φ ii (τ ; θ ; R).
We summarized the value of MSE for each combined weather parameters of θ and R in Table 4 . It is found that MSE has a value between 0.01 and 0.03 on the whole. This table is one of the references when the estimation error is restricted to be below a certain value in applying the proposed model to design a FSO link.
Conclusion
We have proposed the Butterworth-type PSD as optical scintillation's PSD for the design of a terrestrial FSO system. The spectral parameters of cut-off frequency and spectral slope, which determine the PSD, were estimated from the data measured in the experiment, and their dependencies on time zone, θ , and R were examined. The model enables us to estimate the PSD of optical scintillation in a FSO channel when such weather parameters are given.
The spectral model of optical scintillation is applicable for terrestrial FSO links with beam wavelength of 785 nm and beam propagation length of 1 km. In the case of FSO a link with a different beam wavelength or a different link length, however, we may estimate the PSD of optical scintillation by applying the relationship between cut-off frequency and 1/ √ λL to the model for given weather conditions. This extension of the model should be experimentally confirmed, but due to the limitation in the experimental site, this confirmation will be further studied. 
